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Abstract
A theorem of Wiegerinck says that the Bergman space over any
domain in C is either trivial or infinite dimensional. We generalize
this theorem in the following form. Let L be a hermitian, holomorphic
line bundle over P1, the later equipped with a volume form and D an
arbitrary domain in P1. Then the space of holomorphic L2 sections of
L over D is either equal to H0(M,L) or it has infinite dimension.
1 Introduction
Let D be a domain in Cn and OL2(D) the Bergman space, that is the space
of those holomorphic functions on D that also belong to L2(D), w.r.t the
Lebesgue measure.
Wiegerinck proved in [W84], that for n = 1, and D any domain in C,
either OL2(D) is trivial (= {0}) or it has infinite dimension.
In the same paper for any k > 0 he constructed a Reinhardt domain in
C2 with k−dimensional Bergman space. These examples were not logarith-
mically convex, hence they were not Stein domains. These results give rise
to the following natural conjecture.
Conjecture 1.1. (Wiegerinck) Let D be a Stein domain in Cn, then its
Bergman space is either trivial or infinite dimensional.
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Despite of a lot of work and partial results (cf. [BZ20, GHH17, J12, PW07,
PW17], as far as we can tell, the conjecture is still open.
The purpose of this paper is to show that there is another very natural
direction in which Wiegerinck’s result could be generalized.
More precisely we mean to consider the following situation.
Let M be a compact, connected Riemann surface, E →M a holomorphic
line bundle equipped with a smooth hermitian metric h, and dV ol a smooth
volume form onM . For an open set D ⊂M , denote by OL2(L|D) the bundle
version of the Bergman space, i.e. the holomorphic L2 sections of L over D,
that is those s : D → L holomorphic sections for which
‖s‖2 :=
∫
D
h(s, s)dV ol <∞.
As is well known ([GH]) the vector space H0(M,L) of global holomorphic
sections of E are finite dimensional and clearly H0(M,L) ⊂ OL2(L|D).
Conjecture 1.2. OL2(L|D) is either equal to H
0(M,L) or it has infinite
dimension.
Our result supporting this conjecture is the following.
Theorem 1.3. When M = P1, Conjecture 1.2 is true.
The proof follows similar reasonings as [W84] does. For an arbitrary holo-
morphic line bundle L → M , denote by M(L) the set of meromorphic sec-
tions. In particular for the trivial line bundleM(M) denotes the set of mero-
morphic functions on M .
Proof. As is well known ([GH]), there exists an integer k, so that L = O(k),
where O(k) denotes the line bundle associated to the divisor D = kp, p being
an (arbitrary) point in P1.
Suppose ∃s ∈ OL2(L|D), with s 6∈ H
0(P1, L).
Case I. s ∈M(L).
Since isolated L2 singularities are removable and s ∈ M(L) \H0(M,L),
we get
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∫
P1
h(s, s)dV ol =∞. (1.1)
Now s|D is in L
2, hence
λ(P1 \D) > 0, (1.2)
where λ denotes Lebesgue measure on P1. (Having Lebesgue measure zero or
positive is well defined on any smooth manifold and does not depend on any
choice of a Riemannian metric or a volume form.)
Let w ∈ D be arbitrary. From (1.2) and a well known result about the
Cauchy transform (cf. [G72, p.2]) we get a nonconstant bounded function
f ∈ O(D) with f(w) = 0. This yields
fms ∈ OL2(L|D), m ∈ N,
implying the infinite dimensionality of OL2(L|D).
Case II. s 6∈ M(L) and k ≥ 0.
Pick an arbitrary point ∞ 6= z0 ∈ D.
Since L = O(k), L admits a holomorphic section sL : P
1 → L with the
only possible zero at z0, the multiplicity at z0 being k. Then
s = fsL,
with some f ∈ M(D). Here f must be holomorphic in D except perhaps at
z0, where f may have a pole at worst of order k. Since s is not in M(L), f
cannot be inM(P1). Let z1 ∈ D \{z0,∞} be another arbitrary point. Define
the function g by
g(z) = (f(z)− f(z1))
(z − z0)
(z − z1)
. (1.3)
Claim 1.4. s1 := gsL ∈ OL
2(L|D)
Proof. g1 is holomorphic in D \ {z0} and in z0 it has either a removable
singularity or a pole of order at worst k − 1. Hence g1sL is a holomorphic
section of L over D. Let U ⊂ D be an open subset with z0, z1 ∈ U and U¯ ⊂ D
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compact. Holomorphicity of g1sL implies that g1sL is an L
2 section of L over
U .
Since (f − f(z1))sL is an L
2 section over D and
(z − z0)
(z − z1)
is bounded on P1 \ U , we get that g1sL is in L
2 over D \ U as well, proving
our claim.
Back to the proof of our theorem, let now N be an arbitrary positive
integer and z1, z2, . . . , zN ∈ D \ {z0,∞} be arbitrary different points. Denote
the corresponding functions defined by formula (1.3) by gj and let sj := gjsL,
where j = 1, . . . , N . Due to Claim 1.4 they all belong to OL2(L|D).
Claim 1.5. s1, . . . , sN are linearly independent.
Proof. Indeed if they were linearly dependent, that would yield that f is a
meromorphic function on P1, a contradiction.
Claim 1.5 shows that OL2(L|D) has infinite dimenson when k ≥ 0, fin-
ishing the proof of Case II.
Case III. s 6∈ M(L) and k < 0.
Similarly to Case II, pick a point ∞ 6= z0 ∈ D. L = O(k) implies that L
admits a meromorphic section mL with z0 being the only singularity, a pole
of order k and that mL does not vanish on P
1 \ {z0}.
s ∈ OL2(L|D) implies
s = fmL,
where f is not inM(P1). Since s is holomorphic, f must vanish at z0. Denote
by l its multiplicity (necessarily l ≥ k). Then s vanishes at z0 with multiplicity
l − k.
Let N > l be an arbitrary positive integer and z1, z2, . . . , zN ∈ D\{z0,∞}
arbitrary but different points. Define the corresponding functions gj by the
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formula 1.3. Then all gj are holomorphic in D, but gjmL has a pole at z0 of
order k − 1 if f(zj) 6= 0. Let λj ∈ C, j = 1, . . . , N and define gλ by
gλ(z) :=
N∑
j=1
λjgj(z) = f(z)
(
N∑
j=1
λj
z − zj
)
(z − z0)−
(
N∑
j=1
λjf(zj)
z − zj
)
(z− z0).
(1.4)
Since f 6∈ M(P1), gλ 6∈ M(P
) except if all the λj are zero. In (1.4) the
first term is holomorphic near z0 and vanishes at z0 with multiplicity at least
l + 1. The function
fλ :=
N∑
j=1
λjf(zj)
z − zj
(1.5)
is also holomorphic near z0 and the coefficients of its Taylos series around
z0 depends linearly on the λ
′
js. Therefore to impose the condition on fλ to
vanish at z0 with multiplicity l means solving a homogeneous system of linear
equations in N unkowns and l equations. Since N > l, this system will have
a nontrivial solution. Let λ be such a solution. Then the corresponding gλ
will vanish at z0 with multiplicity at least l+1. Hence sλ := gλmλ vanishes at
z0 with higher multiplicity than s does. Moreover gλ 6∈ M(P
1) implies that
sλ 6∈ M(L). A similar argument as in Claim 1.4 shows that sλ ∈ OL
2(L|D).
By repeating the whole process to sλ, we get that OL
2(L|D) has infinite
dimension.
Acknowledgement: This research was supported by NKFI grant K112703
and the Re´nyi Institute of Mathematics.
References
[BZ20] Z. Blocki, W. Zwonek Generalizations of the higher dimensional
Suita conjecture and its relation with a problem of Wiegerinck J.
Geom. Anal., 30, 2020, no. 2, 1259-1270
[GHH17] A. K. Gallagher, T. Harz, G. Herbort On the dimension of the
Bergman space for some unbounded domains, J. Geom. Anal., 27,
2017, no. 2, 1435-1444
5
[G72] J. Garnett Analytic capacity and measure, Lecture Notes in Math.
297, Springer, 1972
[GH] P. Griffiths, J. Harris Principles of algebraic geometry, Wiley, 1978
[J12] P. Jucha A remark on the dimension of the Bergman space of some
Hartogs domains, J. Geom. Anal., 22, 2012, no. 1, 23-37
[PW07] P. Pflug, W. Zwonek L2h-domains of holomorphy in the class of
unbounded Hartogs domains Illinois J. Math., 51, 2007, no. 2, 617-
624
[PW17] P. Pflug, W. Zwonek L2h-functions in unbounded balanced domains
J. Geom. Anal., 3, 2017, no. 3, 2118-2130
[W84] J. O. O. Wiegerinck Domains with finite dimensional Bergman
space, Math. Z., 187, 1984, 559-562
6
